Recently, the classical Waveform Relaxation (WR) approach was shown to be quite effective in solving the excessive runtime problem for multiple coupled transmission lines by a so-called transverse partitioning technique. The WR approach yields a remarkable linear increase in run time with respect to the number of lines. For some problems with more complex circuit topologies, additional splittings are desirable besides the transverse TL partitioning. This paper presents a new approach for the efficient longitudinal splitting for TEM mode transmission line problems. Previous longitudinal partitioning work using the classical WR for transmission lines led to limited solutions. This resulted in too many WR iterations and challenging partitioning problems. Here, we demonstrate a new optimized longitudinal WR algorithm for a single transmission line and determine an optimal choice of parameters. We give numerical examples to show the drastically improved convergence behavior.
INTRODUCTION
The Waveform Relaxation (WR) algorithm was first introduced for VLSI circuit analysis in [1] , and has been extended to time dependent Partial Differential Equations (PDEs) in [2] . It was shown that the coupling between subdomains in physical space using Dirichlet transmission conditions at artificial domain interfaces corresponds to using a classical WR algorithm. Recent work in PDEs shows that these transmission conditions are far from optimal [3] . Much better performance can be obtained if additional information is exchanged at the interfaces. In fact, we recently demonstrated that these new techniques can be applied to diffusive circuits in [4] , and for a transmission line circuit in [5] without overlap. Several attempts have been made before to improve the subsystem transmission conditions for WR with different types of circuit overlap schemes, e.g., [6] , [7] to improve the transmission of information across the interface. Today, WR has a multitude of other applications in the mathematical community. In this paper, we introduce a new WR algorithm similar to the one in [5] with overlap and asymptotically determined optimal parameters.
Recently, the classical waveform relaxation approach was shown to be very effective in solving the excessive run-time problem for multiple coupled transmission lines as compared to the conventional incremental time analysis [8] . This Figure 1 as the model for the transmission line considered in this work. Other recent macromodel type TEM-TL models could also be used. Here, the MNA circuit matrix is given in (1) in a slightly modified form. First, the solution vector is ordered in the form -(s-b3+c3a)((s-bi)(s-b2)-alci)-a2C2( nbi) (3(s-b3)+a2)((s-b4)(s-b5)-a4c4)-/3a3c3(s-b5* (6) The convergence factor of the classical WR can be obtained from the optimal convergence factor (6) by taking a = 0 and ,B -oo. The convergence factor (6) b3--3=ti) (9) An asymptotic analysis of (8) with the two scale expansion (9) leads to the asymptotically optimal choice a = a -0.228 + 0.002a2 + 0.004 + Va)Y, (10) valid in the neighborhood of the typical transmission line circuit elements given in (9) . Note that b2 does not appear in the asymptotic result for a*, b2 only appears in higher order terms in the asymptotic expansion. Figure 2 shows how the classical WR does not converge in the interval with 20 iterations while the optimized convergence exceeds Spice accuracy in 4 iterations for both a two section and a 5 cm TEM mode transmission line circuits. In the past, clever partitioning algorithms were used to avoid strong coupling problems in the classical WR environment [9] , [6] . In general, this had the disadvantage of leading in some cases to large subsystems since strongly coupled systems could not be partitioned.
In the second sequence of numerical experiments, we choose the 5 cm TEM mode transmission line with 150 sections. Note that all the results given in Fig. 3 5 iterations for a 5 cm transmission line with simple partitioning. We also show that under the same conditions, the classical WR algorithm cannot converge in 20 iterations due to its non-uniform convergence properties. A key application of the optimized WR algorithms is parallel processing due to the independent transient analyse of the resultant subcircuits.
